We present the calculation of the mixed two-loop QCD/electroweak corrections to hadronic W boson decays within the Standard Model. The optical theorem is applied to the W boson two-point function. The multi-scale integrals are computed with the help of asymptotic expansions, which factorize the three-loop diagrams into one-and two-loop vacuum and propagator-type integrals.
Introduction
The discovery of the W boson at the CERN Super Proton Synchrotron (SppS) collider in 1983 [1, 2] set a milestone for the success of the Standard Model. At the Large Electron-Positron Collider (LEP), pairs of W bosons were produced and the W mass was determined to high accuracy [3] . At Tevatron, measurements improved [4] and have led to the current world average of the W boson mass and the total decay width as well as to the hadronic branching ratio [5] :
M W = (80.385 ± 0.015) GeV , Γ tot = (2.085 ± 0.042) GeV , BR(W → hadrons) = (67.60 ± 0.27)% .
The W boson is connected with the top quark and the Higgs boson via radiative corrections. Hence, precise measurements of the top and W masses allowed constraining the mass range of the Higgs boson in the past. In addition, the hadronic partial widths can serve to determine the elements of the quark mixing matrix [6] . In order to compare these experimental results to theoretical predictions, we need calculations of increased accuracy. In our case, this requires the computation of the mixed QCD/electroweak corrections to the two-particle decay of the W + boson into quarks. Thus, we consider O(α α s ) corrections to the decay width of the process
within the Standard Model, where q = u, c and q ′ = d, s, b stand for any charge preserving combination of up-and down-type quarks in the final state. The result for the chargeconjugate process W − →′ will be the same.
Up to now, the following corrections to hadronic W boson decays have been calculated on the theoretical side:
• One-loop QED corrections for massless fermions [7, 8] • One-loop electroweak corrections for massless fermions [9, 10, 11, 12] • One-loop QCD corrections for finite quark masses [13, 14] • One-loop electroweak and QCD corrections for finite fermion masses [15, 16] • Two-and three-loop QCD corrections for massless quarks [17, 18, 19] • Two-and three-loop QCD corrections including quadratic quark mass corrections [20] • Four-loop QCD corrections for massless quarks [21] In addition, we would like to mention Ref. [22] . Therein, the two-loop mixed QCD/electroweak corrections were calculated for the decay of the Z boson into the light quark flavors u, d, s and c. 1 We have approached the W boson decay using the same techniques, namely the optical theorem and asymptotic expansions. The optical theorem relates the decay width to the transversal part of the W boson two-point function,
leading to multi-scale three-loop two-point functions. Their exact computation requires great efforts and is not thoroughly understood in contrast to the calculation resulting from the application of asymptotic expansions, which provide a well-studied, systematic expansion in heavy masses or large momenta. The results of this method have turned out to agree with the leading-order terms of the exact results in many cases, i.e. the numerical form of the exact result can be reproduced to high accuracy [26, 27, 28, 29] . By defining a hierarchy of scales, the integrals are split into several parts which are solved separately. In our case, this corresponds to a factorization of three-loop diagrams into one-and two-loop vacuum and propagator-type integrals. Consequently, the result is obtained in powers of x and powers of logarithms of x. Here, x is given by q 2 /M 2 where q denotes the external momentum of the two-point function and M indicates the mass of a boson occurring inside the loop. The general prescription proceeds as follows:
• Expand asymptotically in x ≪ 1. This type of expansion is referred to as the 'hard mass procedure'; we will call the associated asymptotic series 'S-series'.
• Carry out the integrations of the various parts.
• Obtain the result by approaching x → 1 provided that the series converges in this limit. This condition is the basis of our calculations.
Since q 2 and M 2 are not considered equal initially, such a calculation is called 'off-shell' in contrast to an 'on-shell' computation. The expansion can also be performed in x ≫ 1, which is referred to as the 'large momentum procedure'; the associated asymptotic series will be called 'T -series'. In case the series does not converge sufficiently fast, the application of a Padé approximation improves the convergence behavior [30, 31, 32, 33, 34] and allows reproducing the on-shell result via extrapolation. For this purpose, the exact on-shell result has to be calculated using integration-by-parts [26, 35, 36] . These techniques require the consecutive use of several program packages, as shown in Fig. 1 . Generally, qgraf [37] has been applied to generate Feynman diagrams. q2e then transforms the qgraf output into exp readable code [29, 38] . Whenever off-shell calculations are carried out, exp performs asymptotic expansions and maps the expanded expressions on MATAD [39] and MINCER [40] topologies. These Form [41, 42] programs reduce the remaining integrals to master integrals, which are inserted immediately. In case of an exact on-shell calculation, exp still maps on topologies and FIRE [43] can be used to reduce the expressions to a set of master integrals. Apart from that, FeynArts [44, 45] , FormCalc or FeynCalc [46] and LoopTools [45] have been used to calculate the renormalization constants and to check parts of the results. Throughout all our calculations, we suppose massless quarks and dimensional regularization with D = 4 − 2ǫ dimensions. In addition, we work in Feynman-'t Hooft gauge except for calculations involving gluons, i.e. ξ W = ξ Z = ξ γ = 1. The Cabibbo-KobayashiMaskawa (CKM) matrix is taken to be equal to the unit matrix when we calculate higher-order corrections and renormalization constants. However, the different partial decay widths are accounted for by multiplying the Born decay width by the corresponding CKM matrix element squared. It should be mentioned that the contributions to the corrections of O(α α s ) which include non-diagonal CKM matrix elements are largely suppressed. For the electroweak corrections of O(α), this procedure leads to results which agree with the existing ones for general CKM matrix to high accuracy as detailed in Section 3.
Analytical Results
The hadronic decay width can be decomposed as follows: 
with the fine-structure constant α, the W boson mass M W , the number of colors in QCD n c , the sine squared of the weak mixing angle s For renormalization at NLO, we will make use of the Born decay width up to O(ǫ), 
QCD . The curly lines stand for gluons.
2 http://www-ttp.particle.uni-karlsruhe.de/Progdata/ttp13/ttp13-026/ The calculation of the QCD corrections with the help of Fig. 3 proceeds in the same way and results in the finite expression
It yields the well-known QCD correction factor α s /π to the Born decay width for n c = 3:
As in the LO case, we will need the QCD corrections to the decay width for n c = 3 up to O(ǫ) in order to renormalize the results at NNLO:
ζ(s) indicates the Riemann zeta function. 
leading to a result of the form
Therein, we have calculated the coefficients c n for every group of Fig. 4 3 up to O(x 10 ): Figure 4 : Two-loop diagrams for the calculation of the O(α) electroweak corrections Γ
EW . The thirteen diagrams are classified into seven groups (a) − (g). The unlabeled lines stand for quarks. 
g q and g q ′ denote the coupling of the Z boson to the quarks,
where
is the third component of the quarks' weak isospin and Q q = 2 /3 (Q q ′ = −1 /3) is their charge. Substituting these relations into the asymptotic series (Eqs. (12)) of the various diagrams and adding them up yields the asymptotic series of the entire electroweak contribution:
i .
Note that Eqs. (12) are specified for a special case, namely M Z = M W . In the general case, the S-series are accompanied by additional terms originating from the unique property of group (b): These diagrams are the only ones which contain both the W and the Z boson so that integrals with an additional mass scale have to be solved. In order to circumvent this problem, we suppose the mass difference of the two bosons to vanish initially. Eventually, it is accounted for by performing a Taylor expansion in the mass difference. Within Eqs. (12) , this would lead to additional expressions of the form
in the S-series of every group involving a Z boson. The coefficients a n,m are specified in Appendix A.1. Adding the δ m -terms to the S-series of the entire electroweak contribution for vanishing δ (S (1) in Eq. (14)) yields S
δ , the S-series including δ. S
(1) δ can be used to examine the convergence of the Taylor expansion by studying the difference of the S-series including powers up to δ p+1 and δ p for increasing p:
At NLO, we have calculated these coefficients up to O(δ 10 ) so that convergence can be examined with the help of Table 1 . There, we can read off that the Taylor series in the mass difference of the two bosons converges rapidly at NLO and conclude that a Taylor expansion up to O(δ 5 ) should be sufficient at NNLO. Similarly, the set of Eqs. (12) can be used to examine the convergence of the asymptotic expansion by studying the difference of the S-series including powers up to x j+1 and x j for increasing j. This has been done for δ = 0 since the Taylor expansion in δ has proven to converge: Table 2 shows this difference for each group of Fig. 4 so that the convergent diagrams can be separated from the slowly converging ones. (a), (c) and (d) obviously belong to the convergent ones since their only non-vanishing coefficients at NLO are of O(x 0 ). Groups (b) and (e) converge sufficiently fast within the accuracy of the final result S (1) . Hence, the contribution of the convergent groups (a) − (e) to the electroweak corrections is immediately obtained by approaching the on-shell value after adding the S-series of these diagrams:
The diagrams (f ) and (g), the only ones with a W boson plus a photon inside the loop, clearly do not converge sufficiently fast, i.e. the limit of this series for x → 1 does not exist within the scope of our calculations. At NLO, the method to solve the problems relating to the convergence behavior of (f ) and (g) simply consists in computing the exact on-shell result. Unfortunately, the computation of the exact on-shell result at NNLO is much more complicated. In order to deal with this, we have developed three approximation methods at NLO, which will be applied to the slowly converging NNLO diagrams:
• Extrapolation The S-series does not converge for x → 1, but evidently it does for x ≪ 1. Consequently, the S-series is extrapolated.
• Extrapolation + Padé approximation As for the first method, the S-series is extrapolated. On top of that, a Padé approximation is performed.
• Interpolation We stated that the inverse asymptotic series 'T ' ('large momentum procedure', x ≫ 1) involves cuts of massive boson lines. Its convergence behavior turns out to be even worse than that of the S-series so that the limit x → 1 will not exist either. Similar to the S-series in Eq. (11), the T -series is defined by
and should clearly converge for x ≫ 1. Hence, additional information is included by approaching the threshold from the other side, too: The T -series is calculated and the result is approached by interpolating the S-and T -series.
In this section, we only lay the foundation for the corresponding NNLO calculation, which consists in comparing the results of the three approximation methods to the exact on-shell result at NLO. The application of these methods to the NNLO case will be discussed in Section 2.3. The contribution of the slowly converging diagrams to the electroweak corrections is obtained by adding the exact on-shell results of (f ) and (g):
Computing the exact on-shell result of (f ) yields
where ζ(2) = π 2 /6. This result has to be compared to the approximated ones. The second method requires the input of the diagonal [5, 5] Padé approximant of S 
The third method requires the input of the T -series of the diagrams (f ): 
The asymptotic expansions and the three methods as well as the on-shell result are shown in Fig. 5 . Fig. 6 contains the same curves on a larger scale plus curves for lower-order series up to O(x 8 ) and O(x 9 ) as well as their associated Padé approximants P (1) [5, 4] and P
(1) [4, 4] . 4 Although for this diagram the interpolation method seems to agree best with the exact on-shell result at NLO, at NNLO we will use the numerical value obtained by the Padé approximation for the following reasons:
• First, the Padé approximant is better suited than the extrapolation and interpolation methods for every other diagram and we would like to find a consistent method for all diagrams.
• Second and more important, we would like to avoid results depending on asymptotic expansions for x ≫ 1 as far as possible. They still involve problems with respect to their convergence, which are associated with cuts of massive boson lines. Hence, the interpolation method will be only used as a cross check.
Let us proceed with diagram (g). For this purpose, we introduce additional diagrams which originate from the field renormalization constant of the W boson,
where Π W T is the transversal part of the W boson two-point function. The derivative with respect to q 2 of its contributions with a photon inside the loop can be depicted via group (h) in Fig. 9 . In the following, only the sum of (g) and (h) will be considered. This is due to infrared (IR) divergences which occur solely in the on-shell computations of (g) and (h). Consequently, they do not match the off-shell calculations at all and the approximation methods cannot be applied. However, both the on-and the off-shell result of the combination (g) + (h) is IR finite so that Figs. 7 and 8 provide a basis well suited for the determination of the NNLO result through a Padé approximated S-series: : NLO plot for diagram (f ) on a larger scale including the S-series, the T -series, the extrapolation of the S-series, the Padé approximation of the S-series, the interpolation of the S-and T -series and the exact on-shell result. The S-series and the extrapolation (the T -series and the interpolation on the right-hand side) are plotted up to O(x ±8 ), O(x ±9 ) and O(x ±10 ) corresponding to the three curves from top to bottom (from bottom to top), respectively. The [4, 4] , [5, 4] and [5, 5] Padé approximations correspond to the three curves from top to bottom. Figure 8 : Combined NLO plot for the diagrams (g) and (h) on a larger scale including the S-series, the extrapolation of the S-series, the Padé approximation of the S-series, the interpolation of the S-and T -series and the exact on-shell result. The S-series, the extrapolation and the interpolation are plotted up to O(x ±8 ), O(x ±9 ) and O(x ±10 ) corresponding to the three curves from top to bottom, respectively. The [4, 4] , [5, 4] and [5, 5] Padé approximations correspond to the three curves from bottom to top. The individual contributions of group (g) to the exact on-shell result and the t-series are given by 
For group (h), the individual contributions read as follows: 
The subscript IR refers to an IR pole in contrast to a UV one (without a subscript). The total contribution to the electroweak corrections is then given by the sum
conv + Γ
slow + Γ
ren .
Note that renormalization constants have to be multiplied by Γ
ǫ , the Born width up to O(ǫ) in Eq. (6), instead of Γ (0) . That way, an additional finite part is picked up from the multiplication of the pole part of the renormalization constant by the O(ǫ) term of the Born decay width. We have applied an on-shell renormalization scheme described in Ref. [47] , leading to Γ
From the renormalized charged current vertex, it follows that
At this point, we should comment on the parameterization of our calculations. All preceding formulae have used α and the physical particle masses as basic parameters. In such on-shell renormalization schemes, large electroweak corrections arise from fermion loop contributions to the renormalization of α and s w . As in any charged-current process, these corrections can be reduced by parameterizing the lowest-order result with Fermi's coupling constant G F and M W instead [48] . This can be achieved with the help of the relationship
∆r contains the radiative corrections to the muon decay width which the Standard Model introduces in addition to the purely photonic corrections from within Fermi's model. At one loop, this expression is finite and given by [47, 48] 
The term in the square brackets is obtained by the vertex and box corrections to the muon decay width in Feynman-'t Hooft gauge. Hence, the self-energies Π T have to be calculated in the same gauge. This requires the computation of
which receives important contributions from the light quark flavors. They cannot be reliably predicted in perturbative QCD so that the gauge-independent and finite quantity ∆α
is introduced. That way, experimental data on the total cross section of inclusive hadron production in e + e − annihilation can be used to circumvent the problem. However, we substitute
whenever the lowest-order result Γ (0) of Eq. (5) appears within our calculations. In turn, we add the term −Γ 
The pole part of Γ
ren in Eq. (32) is then given bỹ
slow .
Hence, the renormalization procedure cancels both the UV and the on-shell IR divergences and thus produces a physical quantity.
Next-To-Next-To-Leading-Order Decay Width: Mixed QCD/Electroweak Corrections of Order α α s
The calculation of the mixed QCD/electroweak corrections follows the same logic as the computation of the electroweak corrections in Section 2.2:
All diagrams in question can be obtained by adding exactly one gluon to the NLO electroweak diagrams in every possible way. Thus, we can reuse the labeling of the diagrams in Fig. 4 , which is depicted in Fig. 10 . As a first step, the convergent diagrams have to 
mixed . The labeling corresponds to the seven groups (a) − (g) of Fig. 4 . By adding one gluon in every possible way, these eighteen topologies occur. The straight lines stand for quarks, the curly lines for gluons and the wavy ones denote photons, Z or W bosons. be separated from the slowly converging ones by applying the hard mass procedure. This yields a result of the form
where we have made use of the relationship
in order to factor out the Born decay width Γ (0) . C F is the quadratic Casimir operator of the fundamental representation SU(n c ) of the strong interaction. For three colors, it is given by C F = 4 /3. We computed the coefficients d n for every group (a) − (g) up to O(x 9 ): 
The asymptotic series of the entire NNLO contribution is given by the sum of these expressions:
As in case of the NLO electroweak analog (Eqs. (12)), Eqs. (45) do not indicate the general result, but for the special case M Z = M W . Again, we account for the mass difference of the W and the Z boson by performing a Taylor expansion in the exact same manner as in Section 2.2. In doing so, we pick up additional expressions of the form
within the S-series of every group involving a Z boson. The coefficients b n,m can be found in Appendix A.2. The upper bound of the second summation is given by the smaller number of 5 and 9 − n, which is denoted by the function 'min'. This is due to Section 2.2, where we have decided that a Taylor expansion up to O(δ 5 ) should be sufficient at NNLO because of the excellent convergence behavior of the Taylor expansion at NLO. By adding the δ m -terms to the S-series of the entire NNLO contribution for vanishing δ (S (2) in Eq. (46)), we obtain S (2) δ , which is the S-series including δ. S (2) δ can be used to study the convergence of the Taylor expansion by examining the difference of the S-series including powers up to δ p+1 and δ p for increasing p:
We have calculated the coefficients up to O(δ 5 ) so that a statement about the convergence can be made with the help of Table 3 . From there, we can deduce that the Taylor series in the mass difference of the two bosons at NNLO converges sufficiently fast within the accuracy of the final result. We use the results in Eqs. (45) to study the convergence of the asymptotic expansion by examining the difference of the S-series including powers up to x j+1 and x j for increasing j. Again, this has been done for δ = 0 since the Taylor expansion in δ has proven to converge:
The convergent diagrams can be separated from the slowly converging ones by means of Table 4 , which shows the values of ∆ j S (2) for each group (a) − (g). As at NLO, the groups (a) − (d) belong to the convergent ones whereas (f ) and (g) converge extremely Table 3 : Convergence of the Taylor expansion in δ for the entire NNLO contribution expressed through ∆ p S (2) δ as defined in Eq. (48) . All quantities are indicated for |V′ | 2 = 1. The numerical values are given in keV and the input parameters can be found in Section 3. slowly. However, the coefficients ∆ j S (2) for diagram (e) lie in the same range as the values for (f ) and (g) so that it will be counted amongst the slowly converging diagrams in contrast to the NLO calculation. Accordingly, the convergent diagrams' contribution to the mixed QCD/electroweak corrections is given by the sum of the S-series of the groups (a) − (d):
The contribution of the slowly converging diagrams to the mixed QCD/electroweak corrections stems from three parts corresponding to the groups (e), (f ) and (g):
The determination of Γ (2) f and Γ (2) g is based on the approximation methods described in Section 2.2, whose prescriptions have been developed with the help of the NLO on-shell results. These prescriptions have been applied to the NNLO calculation, which results in Figs. 11 -14 . Besides the S-series, we have computed the Padé approximant of the S-series as well as the T -series in order to obtain them: 
As for the S-and s-series, we have introduced the abbreviated form of the inverse asymptotic expansion:
According to Section 2.2, we have to combine group (g) with the photonic contribution to the field renormalization constant δZ W of the W boson (Fig. 9 ). For this purpose, the S-and T -series of group (h) have to be evaluated at NNLO. They immediately follow from the NLO expressions (Eqs. (30) and (31)) by multiplying the coefficients of the asymptotic expansion by the NLO QCD corrected width up to O(ǫ) (Eq. (9)) instead of the Born width up to O(ǫ) (Eq. (6)). Similarly, the on-shell result of (h) at NNLO can be derived from Eq. (29):
The numerical result of the combination (g) + (h) is then determined by the value of the Padé approximant (59) As stated in Section 2.2, we will use the Padé approximated on-shell results for the numerical evaluation, i.e. the value of their curves in Figs. 11 and 13 for x = 1. The result for group (g) can then be obtained by substracting the on-shell result for (h) from the combined value (g) + (h): Γ
h . Figure 12 : NNLO plot for diagram (f ) on a larger scale including the S-series, the T -series, the extrapolation of the S-series, the Padé approximation of the S-series and the interpolation of the S-and T -series. The S-series and the extrapolation (the T -series and the interpolation on the right-hand side) are plotted up to O(x ±7 ), O(x ±8 ) and O(x ±9 ) corresponding to the three curves from top to bottom (from bottom to top), respectively. The [4, 3] , [4, 4] and [5, 4] Padé approximations correspond to the three curves from top to bottom. Figure 14 : Combined NNLO plot for the diagrams (g) and (h) on a larger scale including the S-series, the extrapolation of the S-series, the Padé approximation of the S-series and the interpolation of the S-and T -series. The S-series, the extrapolation and the interpolation are plotted up to O(x ±7 ), O(x ±8 ) and O(x ±9 ) corresponding to the three curves from bottom to top, respectively. The [4, 3] , [4, 4] and [5, 4] Padé approximations correspond to the three curves from bottom to top.
What remains to be found is a solution for group (e), for which we will use another method proposed by Refs. [22, 23] : From Eqs. (45), we read off that the results of the groups (d) and (e) are proportional to g 2 q + g 2 q ′ and g q g q ′ , respectively. The relationships
and g
follow from the invariance of the weak hypercharge Y = 1 /2 (Q q − I 3 q ) with respect to the isospin. They can be used to split the prefactor of s (2) d into two parts, from which two new series arise. The first one is proportional to c w /s w (g q + g q ′ ); we call it s (2) d1 and find that it keeps the satisfactory convergence behavior of s (2) d . The prefactor of the second part s (2) d2 equals that of s (2) e so that we can consider their sum: We have added the superscript 'CK' to this series for the following reason: Its parameterization follows the one by A. Czarnecki and J. H. Kühn in Refs. [22, 23] and differs from the parameterization we have used so far (without the superscript). The coefficients c n andc 
The higher-order coefficients of the inverse asymptotic series in Eq. (63) have been omitted due to an exceptional feature: Starting from n = 3, the coefficients of
and the coefficients of O(x n−2 ) in s (2) d2+e agree. We can benefit from that in order to find an approximated value for the on-shell result of diagram (e) as follows: The behavior of the coefficients ensures that both the s (2) d2+e -and the t (2) CK d2+e -series yield the same value at the threshold x = 1. Consequently, t (2) CK d2+e can be used instead of s (2) d2+e to determine the on-shell result. Since the coefficient of O(1/x) within the t (2) CK d2+e -series vanishes, it hardly depends on x over a wide range. Therefore, the on-shell result for x = 1 can be approximated by its value for x → ∞:
The sum of the contributions of the groups (d) and (e) is then given by adding Γ (2) d1 , which is associated with s
has to be substracted in order to obtain Γ (2) e : Γ
As a cross check, we have applied the three approximation methods to diagram (e) as well and have found agreement within uncertainties. Finally, the contribution of the renormalization constants to the NNLO decay width can be separated into two parts:
δZ q contains the two-loop diagrams obtained by adding one gluon line in every possible way to the diagrams with quarks inside the loop within δZ in Eq. (34) . We find that the pole part of δZ q vanishes and that its finite part is given by α s /π times the contributions of the quarks to the one-loop self-energies δZ. The second term in Eq. (67) includes the QCD corrected width expanded up to O(ǫ) times the one-loop self-energies with leptons and bosons inside the loop. Altogether, only one-loop self-energies remain, which have already been computed in order to renormalize the NLO results, thus Eq. (67) can be rewritten as
Numerical Results
For our numerical analysis, we use the following input parameters [5, 49, 50] : The value of α (5) s (M W ) stems from the one-loop relation
which is evaluated at the renormalization scale µ = M W using β 0 = 11/4 − n f /6, α
s (M Z ) = 0.1184 and n f = 5 active quark flavors. Substituting these input parameters into the analytical results yields the values in Table 5 .
5 It also contains the higher-order QCD corrections, which have been computed with the help of Ref. [21] . 6 We could not only reproduce the well-known numerical results of the Born decay width Γ (0) and the NLO QCD corrections Γ
QCD , but also the values of Γ (1) EW . They have been compared to those of Ref. [16] by replacing our input parameters with the ones used therein. In doing so, we have found agreement to an impressive accuracy of 0.01%. It should be stressed that the results of Ref. [16] emerge from a completely different kind of calculation. The negligible deviation is assumed to be caused by the diagonal CKM matrix within the calculation of higher-order corrections and renormalization constants, by the use of massless quarks as well as by the application of asymptotic expansions and Taylor expansions. The so far unknown result Γ (2) mixed of the NNLO mixed QCD/electroweak decay width is shown in Table 5 as well. We observe that it is of the same order of magnitude as Γ (3) QCD and Γ (4) QCD and lies in between. In addition, we read off that the NNLO mixed QCD/electroweak contribution equals
of the NLO electroweak corrections. Consequently, the actual result is four times as large as the naively expected one, which emerges from a multiplication of the NLO electroweak contribution by the QCD correction factor α s /π:
Finally, the so far unknown mixed QCD/electroweak corrections account for
of the overall hadronic decay width as defined in Eq. (4). In a final step, we would like to examine the uncertainty associated with the computation of the mixed QCD/electroweak corrections. In case of group (e), Refs. [22, 23] propose 5 The reader can inject his preferred CKM matrix elementsṼ′ by multiplying the values of Table 5 by Ṽ′ 2 / |V′ | 2 , where |V′ | is indicated in Eq. (69). This is due to the fact that the CKM matrix is taken to be equal to the unit matrix when we calculate higher-order corrections. 6 Note that the evaluation of the higher-order QCD corrections actually requires extending Eq. (70) to more than one loop. We have passed on that because the one-loop relation (70) leads to well-approximated results for the higher-order QCD corrections. This is due to the short distance of the running coupling originating from the small difference of the W and the Z boson mass. Beyond that, this work focuses on the mixed QCD/electroweak corrections, for which Eq. (70) is sufficient.
to estimate the error of this method by evaluating the t 
If we had used extrapolation instead, we would have obtained
The difference of these two numbers corresponds to the gap of the curves associated with the Padé approximation and the extrapolation at x = 1 in Fig. 15 . As depicted by the error bar in Fig. 16 , we suppose that the uncertainty of the approximation methods equals that gap, yielding ∆Γ
The uncertainty associated with the results of the convergent diagrams (a) − (d) is due to the application of asymptotic expansions. It is much smaller than the uncertainties associated with the slowly converging groups and can be neglected. The same holds for the uncertainty associated with the Taylor expansion in the mass difference of the W and the Z boson: In order to estimate the error of the Taylor expansion at NNLO, we omit terms of O(δ 5 ) within Γ
mixed . According to Table 3 , this leads to an uncertainty of only 1.0 keV. Thus, the error is such that it will not affect the overall uncertainty of 
Conclusion
We have applied two powerful tools, the optical theorem and asymptotic expansions, to the W boson two-point function. That way, we have been able to compute the LO Born decay width and the NLO QCD corrections of O(α s ). Subsequently, we have approached the more challenging NLO electroweak corrections of O(α) finding that the results are in agreement with the ones in the literature. Within this calculation, we have encountered problems with respect to the convergence of the asymptotic series of certain classes of Feynman diagrams. The problems could be circumvented by computing the exact onshell result of those diagrams. On the basis of these findings, we have applied three approximation methods in order to reproduce the exact on-shell result by making use of the asymptotic series. From that, we have acquired prescriptions for the extrapolation, the interpolation and the Padé approximation of the asymptotic series whereof the latter has turned out to be the most suitable one. When passing from NLO to NNLO, the same types of Feynman diagrams have proven to cause difficulties concerning the convergence of the asymptotic series. Consequently, the NLO prescription has been applied to the Feynman diagrams associated with the NNLO mixed QCD/electroweak corrections of O(α α s ) yielding the so far unknown results. Next, we have analyzed the uncertainties associated with the approximation methods. Although they have turned out to keep within reasonable limits, one might be interested in minimizing them. As a next step, this could be done by computing the exact on-shell result of the three-loop two-point functions at NNLO as well. By numerically evaluating the results, we have seen that they exceed the naively expected ones and are almost as large as the O(α 3 s ) QCD corrections. Hence, our results might play a role when dealing with high-precision measurements in the future. Figure 16 : Combined NNLO plot for the diagrams (f ), (g) and (h) on a larger scale including the S-series, the extrapolation of the S-series and the Padé approximation of the S-series. The S-series and the extrapolation are plotted up to O(x ±7 ), O(x ±8 ) and O(x ±9 ) corresponding to the three curves from top to bottom, respectively. The [4, 3] , [4, 4] and [5, 4] Padé approximations correspond to the three curves from top to bottom. The error bar serves to determine the uncertainty of the result in Section 3. 
